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The existence of static, spherically symmetric, self-gravitating scalar field solutions in the context
of Born-Infeld gravity is explored. Upon a combination of analytical approximations and numerical
methods, the equations for a free scalar field (without a potential term) are solved, verifying that
the solutions recover the predictions of General Relativity far from the center but finding important
new effects in the central regions. We find two classes of objects depending on the ratio between
the Schwarzschild radius and a length scale associated to the Born-Infeld theory: massive solutions
have a wormhole structure, with their throat at r ≈ 2M , while for the lighter configurations the
topology is Euclidean. The total energy density of these solutions exhibits a solitonic profile with a
maximum peaked away from the center, and located at the throat whenever a wormhole exists. The
geodesic structure and curvature invariants are analyzed for the various configurations considered.
PACS numbers: 04.40.Nr, 04.50.Kd
I. INTRODUCTION
The notion of regular, self-gravitating fields in the con-
text of gravitation has been at debate in the literature
for decades, in particular grounded by the notion of geon
(gravitational-electromagnetic entity) introduced by J.
A. Wheeler in 1955 [1, 2]. On its first version, geons
were conjectured to exist as balls of light, namely, as elec-
tromagnetic beams with such a high intensity that they
would be held together for very long times due to their
own gravitational self-interaction. Equipped with the ad-
ditional ingredient of non-trivial topologies, Misner and
Wheeler initiated a pioneering approach where classical
electric charges, masses and other particle-like proper-
ties would be explained as purely geometric phenomena
[3]. They went forward to coin the charge-without-charge
and mass-without-mass mechanisms, by which charge
and mass would emerge as properties resulting from a
sourceless flux trapped into the non-trivial topology of a
wormhole.
In a broader sense, geons can be seen as solutions repre-
senting localized and non-dispersing lumps of energy held
together by their own gravitational attraction, regardless
of their staticity/dynamics [4], topology [5], asymptotic
structure [6], or presence/lack of horizons [7]. The no-
tion of geon thus bears a close resemblance to that of
soliton, namely, non-perturbative configurations of field
theory where non-linear and dissipative effects balance
each other so as to allow for the existence of long-lived
excitations of the fields (see [8] for some books on the
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topic). Typically, solitons present a localized profile for
their energy density and a non-trivial vacuum structure
supporting different topological charges [9] (though non-
topological solitons exist as well, see for instance [10]),
which provide a stabilizing mechanism, at least against
weak perturbations. However, a number of theorems
have been established forbidding the existence of soliton
solutions in a large number of field theories [11], though
several approaches to circumvent them have also been
developed, such as the introduction of non-canonical ki-
netic terms [12]. One of those theorems makes it impos-
sible for such solitons to be supported by free gauge fields
in four spacetime dimensions. Thus, it came as a big sur-
prise when Bartnik and McKinnon [13] found particle-like
solutions in the context of a Yang-Mills theory coupled
to General Relativity (GR). Consequently, the discovery
that gravity might stabilize solitons triggered a great deal
of research on gravitational configurations with soliton-
like features –see, for instance [14].
Scalar fields constitute another system that has been
extensively discussed in the context of gravitating con-
figurations (for a pioneering work, see [15]). In GR,
most of the research in that direction has been devoted
to seeking hairy black holes, namely, black holes with
hair supported by scalar fields with different types of self-
interactions [16] (see also [17] for some recent reviews on
such configurations). These objects represent extensions
of the Kerr-Newman solution in the sense that, in addi-
tion to mass, charge, and angular momentum (the three
quantities that emerge out of the uniqueness theorems
and no-hair conjecture [18]), they are surrounded by a
cloud of scalar matter whose precise characterization is
required in order to accurately describe their properties
[19]. In particular, its presence allows for the existence of
new phenomena such as superradiance [20], which may
2trigger a “black hole bomb” instability [21]). In addi-
tion to hairy black holes, “solitonic” configurations sup-
ported by scalar fields, such as boson stars [22], gravitat-
ing skyrmions [23], long-lived, quasi-stationary configu-
rations around black holes [24], as well as other types
of scalar solutions [25] have also been considered. More-
over, the investigation on this kind of scalar field struc-
tures may be able to reveal deviations from GR [26], for
instance via scalar-tensor theories [27].
In the present work we shall follow a different route
and explore the possibility of finding geon-type config-
urations in modified theories of gravity coupled to free
scalar fields. More specifically, the gravitational sector
is taken to be an extension of GR dubbed Born-Infeld
gravity [28], which has attracted a great deal of atten-
tion in the last few years due to its many applications in
astrophysics, black hole physics, and cosmology [29] (for
a recent review, see [30]). Interestingly, this theory has
shown the ability to resolve spacetime singularities in a
number of black hole [31] and cosmological [32] scenar-
ios. Regarding the former, it has been found that when
Born-Infeld gravity is coupled to (static and spherically
symmetric) electromagnetic fields, an explicit realization
of Wheeler’s geon arises [33]. This result is related to
the emergence of a wormhole structure replacing the GR
point-like singularity of the Reissner-Nordstro¨m solution
of the Einstein-Maxwell field equations, a feature over-
looked in preliminary analyses of this setting [34] and
with deep physical consequences. Despite the generic ex-
istence of curvature divergences at the wormhole throat,
an in-depth analysis has revealed that the above men-
tioned geonic geometries are geodesically complete [35],
that is, physical observers are not unavoidably destroyed
during their transit through the divergent curvature re-
gion [36], and the scattering of scalar waves off the worm-
hole is well posed [31], thus representing non-singular so-
lutions1.
It is worth pointing out that the above results fol-
low from formulating Born-Infeld gravity in the Palatini
approach, where no a priori constraint between metric
and connection is introduced (see e.g. [39] for a ped-
agogical discussion). This is needed in order to ensure
the second-order and ghost-free character of the result-
ing field equations, which is indeed a generic feature of
the Palatini formulation of modified theories of gravity
[40]. This is opposed to the higher-order field equations
that generically arise within the standard metric formu-
lation, where the metric is forced to be compatible with
the connection (see e.g. [41] for some discussion on this
issue). Following the finding of electromagnetic geons de-
scribed above in the context of Born-Infeld gravity, the
1 Let us note that regular geometries supported by electromag-
netic fields exist in GR under the form of a bundle of magnetic
flux lines in static equilibrium held together by their own gravita-
tional interaction, so-called Melvin Universe [37]. Such solutions
also exist in the Born-Infeld gravity setup, see [38].
main aim of this work is to investigate the potential exis-
tence of scalar geons, namely, static, spherically symmet-
ric scalar fields without a potential term, in order to stick
ourselves to the original spirit of geons as free, regular,
self-gravitating configurations. This research is further
motivated by the possibility of finding (horizonless) com-
pact objects as alternatives to black holes, which could
have an impact on the study of gravitational waves echoes
[42, 43] following the observational results of LIGO [44],
or as sources of dark matter different from fundamental
particles [45, 46]. We will indeed show that, depending
on a typical scale determined by the interplay between
the Schwarzschild mass and the Born-Infeld parameter,
two classes of configurations are found: the massive ones
have a wormhole structure with a minimum nonzero area,
while for the lighter ones the radial coordinate extends
all the way down to r = 0. Nonetheless, in both cases
a solitonic energy density profile is found, resulting from
the computation of total energy made up of the gravita-
tional and scalar field contributions. The implications of
the wormhole/non-wormhole structure for the regularity
of the corresponding objects will be investigated mak-
ing use of both curvature scalar and the completeness of
geodesics.
This paper is organized as follows: in Sec.II we intro-
duce the action and conventions, obtain the field equa-
tions and cast them into a suitable form for their reso-
lution in Sec.III. Analytical approximations in the limits
of interest are performed in Sec.IV to understand the
structure of the field equations, while in Sec.V numerical
methods are used to solve them. The solitonic character
of the solutions is analyzed in Sec.VI, while a different
branch of solutions is characterized in Sec.VII. Gather-
ing all these results, in Sec.VIII we discuss in detail the
geodesic structure of both branches of solutions. We con-
clude in Sec.IX with a summary and a discussion on the
interpretation of the results found.
II. BORN-INFELD GRAVITY COUPLED TO A
SCALAR FIELD
A. Action and basic field equations
The action of the Born-Infeld gravity theory with mat-
ter can be written as
S =
1
ǫκ2
∫
d4x
[√
−|gµν + ǫR(µν)| − λ
√−g
]
+Sm(gµν , ψm), (1)
with the following definitions and conventions: κ2 ≡
8πG/c4 is Einstein’s constant; ǫ is a parameter with
dimensions of length squared; g is the determinant of
the spacetime metric gµν (and vertical bars will also
denote determinants); the Ricci tensor (parenthesis de-
note the symmetric part) is defined from the Riem-
man tensor as Rµν(Γ) ≡ Rρµρν(Γ) where Rαβµν(Γ) =
3∂µΓ
α
νβ − ∂νΓαµβ +ΓαµλΓλνβ −ΓανλΓλµβ is a function solely of
the affine connection Γλµν (assumed symmetric for sim-
plicity2), which is a priori independent of the metric gµν
(Palatini or metric-affine formalism); the parameter λ is
related to the cosmological constant as λ = 1 + ǫΛeff
(this follows from expansion of the action (1) in series of
|ǫ| ≪ 1), and Sm is the matter action with ψm denoting
collectively the matter fields. For notational convenience,
we will denote the object inside the first square root as
qµν ≡ gµν + ǫR(µν)(Γ), which is symmetric by construc-
tion.
Variation of the action (1) with respect to metric and
connection leads to the two systems of equations
√−qqµν −√−gλgµν = −κ2ǫ√−gT µν , (2)
∇α
(√−qqµν) = 0. (3)
where q is the determinant of the auxiliary metric qµν ,
T µν ≡ 2√−g δSmδgµν is the stress-energy tensor of the matter,
and covariant derivatives are taken with respect to the
independent connection Γλµν . To solve these equations
one first notes that Eq.(3), which is fully equivalent to
∇α qµν = 0, simply expresses the compatibility between
the independent connection Γλµν and the metric qµν , i.e.
the former is given by the Christoffel symbols of the lat-
ter, that is
Γλµν =
1
2
qλα (∂µqαν + ∂νqαµ − ∂αqµν) . (4)
From the definition qµν ≡ gµν + ǫR(µν)(Γ), one can in-
troduce a deformation matrix Ωαν by writing
qµν = gµαΩ
α
ν , (5)
which, according to (2), satisfies the algebraic equation
|Ω|1/2(Ω−1)µν = λδµν − ǫκ2T µν , (6)
where |Ω| ≡ detΩµν , for a more compact notation. It
is important to realize that solving this equation pro-
vides a relation Ωµν = Ω
µ
ν(T
α
β), which means that the
deformation matrix Ωαν that relates the two metrics in
Eq.(5) can be solely expressed as a function of the matter
sources and the metric gµν .
Now, to write the field equations (2) in amenable form
for calculations, we contract them with the metric gαν
and, using Eq.(5), we obtain the result
Rµν(q) =
κ2
|Ω|1/2 (LGδ
µ
ν + T
µ
ν) , (7)
2 See [47] for a discussion of the field equations in Palatini theories
of gravity with torsion.
where Rµν(q) ≡ qµαR(αν), and LG denotes the Born-
Infeld gravity Lagrangian, which can be written as
LG = |Ω|
1/2 − λ
ǫκ2
. (8)
The system of equations (7) has several appealing fea-
tures. First, as all the terms on the right-hand-side are
just functions of the matter fields, they represent a sys-
tem of Einstein-like second-order field equations for the
metric qµν , with all the sources representing a modified
stress-energy tensor. Since the physical metric gµν is re-
lated to the auxiliary one qµν via the matter-dependent
matrix Ωαν appearing in the transformation (5), the field
equations for gµν will be second-order as well. Second,
one finds that in vacuum, T µν = 0, the field equations
(7) recover GR plus a cosmological constant term, which
implies the absence of extra propagating degrees of free-
dom. These two properties seem to be a generic feature
of the Palatini formulation of classical theories of gravity
[40, 48, 49].
B. Scalar matter
As the matter sector of our theory we take a scalar
field described by the standard action
Sm = −1
2
∫
d4x
√−gLm = −1
2
∫
d4x
√−g(X + 2V (φ))
(9)
where X ≡ gµν∂µφ∂νφ is the kinetic term and V (φ) the
potential. In this work we shall assume a static spher-
ically symmetric spacetime, whose line element can be
conveniently written as
ds2 = −A(x)dt2 + r2(x)dΩ2 + 1
B(x)
dx2 , (10)
where dΩ2 = dθ2+sin2(θ)dϕ2 is the angular sector, while
A(x), B(x) and r(x) are three independent functions
to be determined via the gravitational plus matter field
equations. The latter follow from variation of the matter
action (9) with respect to the scalar field φ, which yields
φ− Vφ = 1
r2
√
A/B
∂x
(
r2
√
ABφx
)
− Vφ = 0 , (11)
with the notation φx ≡ dφdx and Vφ ≡ dVdφ , while the stress-
energy tensor reads
T µν = g
µα∂αφ∂νφ−Lm
2
δµν =
( −Lm2 I3×3 0
0 Bφ2x − Lm2
)
.
(12)
4The identity I3×3 matrix represents the (t, θ, ϕ) sector,
while the remaining component of the stress-energy ten-
sor in (12) can be written as T xx = Bφ
2
x − Lm2 =
1
2Bφ
2
x−V . Consistently with the structure of the stress-
energy tensor (12) we assume for Ωµν an ansatz of the
form
Ωµν =
(
Ω+I3×3 0
0 Ω−
)
, (13)
From the definition (6) and the expression (12) it follows
that the two components of this ansatz read
Ω+=
(
λ+ ǫκ2V + ǫκ
2
2 Bφ
2
x
)1/2(
λ+ ǫκ2V − ǫκ22 Bφ2x
)1/2
(14)
Ω−=
(
λ+ ǫκ2V + ǫκ
2
2 Bφ
2
x
)3/2(
λ+ ǫκ2V − ǫκ22 Bφ2x
)1/2
.(15)
Inserting these results into Eq.(7), the field equations for
this scalar matter source become:
ǫRµν(q) =
1√
|Ω|
( (√
|Ω| − λ− ǫκ22
[
Bφ2x + 2V
])
I3×3 0
0
√
|Ω| − λ+ ǫκ22 (Bφ2x − 2V )
)
, (16)
where |Ω| = Ω3+Ω−.
To further specify our setup we recall that we are look-
ing for geonic solutions, i.e., self-gravitating free fields,
which means that they are not supported by any degen-
eracy on the vacuum solutions of the potential (like, for
instance, in the case of solitonic solutions supported by
topologically non-trivial configurations in a flat space-
time [9]), and thus we take V (φ) = 0. This way the
scalar field equation (11) can be simply integrated as
r2
√
ABφx = C , (17)
where C is an integration constant. Therefore, the form
of the scalar field is completely specified by the metric
functions, i.e., the geometry determines the form of the
scalar field. We thus find that the functionX = Bφ2x that
appears in the scalar field Lagrangian Lm and on its field
equations can be written as X = C
2
r4A , which has an inter-
esting formal similarity with the solution corresponding
to an electric field found in [33], where FµνF
µν ∝ q2r4 for
a spherical charge distribution. With the above assump-
tions and defining Xǫ ≡ ǫκ22 X = ǫκ
2C2
2 r4A , then Eqs.(14)
and (15) become
Ω+ = (λ
2 −X2ǫ )
1
2 ; Ω− = (λ+Xǫ)
3
2 (λ−Xǫ)− 12 , (18)
and the field equations (16) can be written under the
compact form
ǫRµν(q) =


(
1− (λ+Xǫ)√|Ω|
)
I3×3 0
0 1− (λ−Xǫ)√|Ω|

 , (19)
with |Ω| = Ω3+Ω− = (λ + Xǫ)3(λ −Xǫ). The equations
are now ready for working out their solutions.
III. EXPLICIT FORM OF THE FIELD
EQUATIONS
To solve the field equations (19), in this section we
shall closely follow Wyman’s approach [50], correspond-
ing to the problem of a gravitating scalar field in GR (see
also [51] for previous relevant results on self-gravitating,
free scalar fields). On this approach one employs the
scalar field as a radial coordinate, i.e., we take φx to be
a constant, φx = v0. This allows to write the following
two line elements for the spacetime and auxiliary met-
rics, suitably adapted to our problem (see Appendix IX
for full details on the justification of this choice):
ds2 = −eνdt2 + 1
C20W
4e−ν
dx2 +
1
W 2
dΩ2 , (20)
ds˜2 = −eν˜dt2 + 1
C20W˜
4e−ν˜
dy2 +
1
W˜ 2
dΩ2 , (21)
where the constant C0 = C/v0 while the relation between
the metric coefficients ν, ν˜,W, W˜ , and the radial coordi-
nates x and y follows from the transformations (5) as
eν˜ = Ω+e
ν ; W˜ 2 =W 2/Ω+ (22)
dy =
Ω−
|Ω|1/2 dx = |λ−Xǫ|
−1dx . (23)
With the above line elements, one readily verifies that
the scalar field equation is just φxx = 0, which implies
φ = v0x+ φ0, where φ0 is an integration constant. Now,
the components of the Ricci tensor for the metric qµν in
Eq.(20) become
Rtt = − 12C20W˜ 4e−ν˜ ν˜yy (24)
Ryy = − 12C20W˜ 3e−ν˜
(
4W˜y ν˜y − 4W˜yy + W˜ ν˜yy
)
(25)
Rθθ = W˜
2
(
1 + C20e
−ν˜ [W˜W˜yy − W˜ 2y ]
)
, (26)
5which are needed to solve the field equations (19). Now,
since the right-hand side of such equations can be read
as a modified stress-energy tensor τµν , from the combi-
nations Rtt = τ
t
t, R
y
y−Rtt = τyy−τ tt, and Rθθ = τθθ,
the field equations (19) can be expressed as
ν˜yy = −
κ20Ω
3
+
Xǫ
(
1− λ+Xǫ
Ω1/2
)
(27)
0 = W˜yy − ν˜yW˜y −
κ20Ω
3
+
2Ω1/2
W˜ (28)
W˜W˜yy − W˜ 2y = −
eν˜
C20
+
κ20Ω
3
+
2Xǫ
(
1− λ+Xǫ
Ω1/2
)
W˜ 2 , (29)
where κ20 ≡ κ2v20 has dimensions of length−2, while C20
has dimensions of length4. Our problem thus boils down
to solving these equations for ν˜ and W˜ and then use the
relation between gµν and qµν to completely determine
the line element generated by the scalar field. It should
be noted that Eq.(29) is a constraint that the solutions
to (27) and (28) must satisfy. As will be seen later, this
constraint will introduce a relation between the two inte-
gration constants that characterize the function W˜ [see
Eq.(41), (49) and (79)] .
Given the strongly nonlinear character of Eqs.(27),
(28) and (29), numerical methods will be necessary
to find solutions. It must be noted, however, that
there is still an algebraic part we must take care of
before being able to integrate these equations numeri-
cally. The difficulty lies on the fact that the variable
Xǫ = (ǫκ
2
0/2)C
2W 4e−ν is referred to the variables W
and ν, while our equations involve derivatives of W˜ and
ν˜. In order to rewrite Xǫ in terms of the variables W˜ and
ν˜, let us define θ ≡ (ǫκ20/2)C2W˜ 4e−ν˜ so we have
Xǫ =
ǫκ20
2
C2W 4e−ν = Ω3+θ = (λ
2 −X2ǫ )3/2 θ . (30)
The square of this equation can be straightforwardly
solved and leads to the relation
X2ǫ (θ) = λ
2 +
1
181/3|θ| [K(θ)− 12
1/3/K(θ)] , (31)
with K(θ) =
(
−(9λ2|θ|) +
√
12 + (9λ2|θ|)2
)1/3
.
By definition, Xǫ is linear in ǫ. In the following we will
take the negative branch of ǫ as it directly leads to non-
singular bouncing solutions in cosmological models [32]
and nonsingular black hole spacetimes in electrovacuum
configurations [31, 36]. Therefore, we shall keep the neg-
ative branch of the square root in (31). In Sec.VII we
will consider the ǫ > 0 case for completeness. The field
equations are now almost ready for their analysis but,
first, we need to precise a bit more the notation that will
be employed hereafter.
A. Comments on the notation
Before proceeding further, it should be noted thatXǫ is
a dimensionless quantity, which can be used to introduce
some useful notation in dimensionless form. In particu-
lar, introducing the length-squared scales ǫ ≡ −2l2ǫ and
r2C ≡ κ20C2, the fact that W has dimensions of inverse
length allows us to define Wˆ ≡ rǫW such that r4ǫ = l2ǫ r2C .
This turns Xǫ into Xǫ = −Wˆ 4e−ν. Similarly, one can
write θ = − ˆ˜W 4e−ν˜ . With this notation, Eqs.(27)-(29)
can be regarded as dimensionless, with the variable y
replaced by yˆ = y/rǫ, W˜ by
ˆ˜W , κ20 by κˆ
2
0 ≡ κ20r2ǫ (dimen-
sionless), and C20 by Cˆ
2
0 ≡ C20/r4ǫ . The line element ds˜2
in (21) should thus be seen as the dimensionless quantity
ds˜2/r2ǫ , with dt → dtˆ and dy → dyˆ also dimensionless
(or measured in units of rǫ, which is the natural scale of
the problem). From now on we will use this dimension-
less form of the field equations but omitting the hats to
avoid unnecessary redefinitions. Nonetheless, to be fully
consistent, we will also use the notation z ≡ r/rǫ and
z˜ ≡ r˜/rǫ for the radial coordinates.
IV. ANALYTIC APPROXIMATIONS
A. GR limit (asymptotic behavior, θ → 0)
According to the redefinitions that lead from the line
element (97) to (21) and the above notation, it is clear
that W˜ = 1/z˜. This implies that the limit θ → 0 rep-
resents the asymptotic far region, whereas θ → ∞ must
be seen as the internal region (this point will be verified
numerically later). When θ → 0 one gets Xǫ ≈ θ = −|θ|
(recall that θ ≡ (ǫκ20/2)C2W˜ 4e−ν˜ < 0).
With the dimensionless notation introduced in the last
section we have θ ≡ −W˜ 4e−ν˜ . Then, in the asymptotic
limit θ → 0 (z ≫ 1 and e−ν → 1), and setting λ =
1 + ǫΛeff → 1 for simplicity, we find
ν˜yy ≃ −κ
2
0
2
|θ| (32)
0 ≃ W˜yy − ν˜yW˜y − κ
2
0
2
(1 + |θ|)W˜ (33)
W˜W˜yy − W˜y2 ≃ − e
ν˜
C20
+
κ20
4
|θ|W˜ 2 . (34)
As the function |θ| assumes very small values, the GR
equations [50] are nicely recovered. Indeed, in that limit,
the above equations become
ν˜yy = 0 (35)
W˜yy − ν˜yW˜y − κ
2
0
2
W˜ = 0 (36)
W˜W˜yy − W˜y2 = − e
ν˜
C20
, (37)
6which can be readily integrated as
ν˜Far = αy + β (38)
W˜Far = ae
m+y + bem−y (39)
m± = 12
(
α±
√
α2 + 2κ20
)
(40)
0 =
eβ
C20
+ ab(α2 + 2κ20) . (41)
where α, β, a, b are integration constants. In GR, asymp-
totically flat solutions require a = −b [50] and then
a2 = eβ/(C20 (α
2 + 2κ20)). Since we are interested in the
modifications induced by the Born-Infeld dynamics near
the center, this is the set of asymptotic boundary condi-
tions we will use in our problem. To be more explicit and
better visualize the above exact solutions, it is useful to
write them in terms of the radial coordinate z˜. From the
solution [50]
W˜Asympt. =
e
β+αy
2
C0
(sinh(γy)/γ) , (42)
where γ =
√
α2 + 2κ2/2, the line element in the GR limit
thus takes the form
ds2GR
r2ǫ
= −eβ+αydt2 + C20e−(β+αy)(sinh γy/γ)−4dy2
+C20e
−(β+αy)(sinh γy/γ)−2dΩ2 . (43)
In the asymptotic far region (y → 0 or z˜ →∞), this line
element turns into
ds2GR
r2ǫ
≈ −eβ+α/z˜dt2 + C
2
0
eβ
e−α/z˜
(
dz˜2 + z˜2dΩ2
)
, (44)
with e±α/z˜ ≈ (1 ± α/z˜), thus confirming its asymptotic
flatness. From the spatial sector of the metric, eβ/C20 = 1
appears as a natural choice for β. The remaining eβ term
in the time component can be absorbed into a redefinition
of the time coordinate. In this way, the resulting metric
coincides with the far limit of the Schwarzschild solution
if we take α = −2M/rǫ. Recalling the relation between
z˜ and r˜ = rǫz˜ and given that in the asymptotically far
region r ≈ r˜, the term α/z˜ becomes−2M/r, as one would
expect.
B. Internal region (|θ| → ∞)
The internal region corresponds to the limit when
|θ| → ∞. Here we find that Xǫ ≈ −1 + 1/(2|θ|2/3),
Ω+ ≈ |θ|−1/3, and Eqs.(27)-(29) reduce to
ν˜yy ≃ −κ20|θ|−2/3 ≈ 0 (45)
W˜yy − ν˜yW˜y ≃ κ20(1− 14 |θ|−2/3)W˜ ≈ κ20W˜ (46)
W˜W˜yy − W˜y2 ≃ − e
ν˜
C20
+
κ20
2
|θ|−2/3W˜ 2 ≈ − e
ν˜
C20
. (47)
From the above limit, we see that in the central region
the field equations behave exactly like in the asymptotic
(GR) limit up to a redefinition of constants [compare to
Eqs.(35)-(37)]. In this limit the field equations can also
be analytically integrated yielding
ν˜Center(y) = l1 + l2y (48)
W˜Center(y) = − e
l1
C20D2l
2
κ
e
1
2 (l2−lκ)y +D2e
1
2 (l2+lκ)y , (49)
where l1 and l2 are integration constants while we have
defined lκ =
√
4κ20 + l
2
2 and the condition 0 =
el1
C20
+
D1D2l
2
κ that follows from (47) has been used. We note
that given that lκ > |l2|, in the limit y → ∞ only the
second term in W˜center(y) survives. As κ0 is a fixed quan-
tity, the numerical integration will allow us to adjust the
coefficients l1, l2 and D2 once initial conditions are given
in the asymptotic far region (y → 0).
Before getting into the numerics, let us discuss analyt-
ically the asymptotic behavior of these solutions. It is
easy to verify that in the limit |θ| → ∞, the physical line
element takes the form
ds2
r2ǫ
≈ −
(
W˜ 2eν˜
)2/3
dt2 +
1
C20
dx2 +
(
W˜ 2eν˜
)−1/3
dΩ2 ,
(50)
Given that z2(y) ≈
(
W˜ 2eν˜
)− 13
and, for ǫ < 0,
lim|θ|→∞ dx2 ≈ 4dy2, (50) can be written as
ds2
r2ǫ
≈ − 1
z4(y)
dt2 +
4
C20
dy2 + z2(y)dΩ2 . (51)
Using the explicit relation between z and y specified by
z2(y) and Eqs.(48) and (49), i.e., z2 = e
−
1
3
(2l2+lk)y
D
2/3
2 e
l1/3
, we
get
ds2
r2ǫ
= − 1
z4
dt2 +
4σ2
C20
dz2
z2
+ z2dΩ2 , (52)
where σ2 ≡ 62(2l2+lκ)2 . For comparison, in the GR case
the line element in the y →∞ limit behaves as
ds2GR
r2ǫ
= −eαydt2 + 16γ4e−2(α+m+)ydy2
+4γ2e−2m+ydΩ2 , (53)
which is equivalent to
ds2GR
r2ǫ
= −
(γ
z
) α
m+
dt2 +
(γ
z
) α
m+
−2 γ2dz2
m2+
+ z2dΩ2 .
(54)
7It is worth noting that the line element in the GR case is
very sensitive to the value of α. Since α is related to the
asymptotic Newtonian mass as α = −2M/rǫ (see Sec.
IVA above) and the quotient κ20/α
2 ∼ 0 in physically
reasonable situations3, thus γ = (|α|/2)
√
1 + 2κ20/α
2 ∼
|α|/2 and the ratio α/m+ ≈ −2α2/κ20 is expected to
be negative and very large. The behavior of (52) in-
stead is more universal, being the exponents of the ra-
dial dependence of the metric components independent
of the values of the parameters that characterize those
solutions. On the other hand, one can verify that, de-
spite differences, the two line elements above lead to
a Ricci tensor with vanishing components except for
r2ǫRrr = −2(m−/m+) z−2, Rθθ = 1, Rϕϕ = sin2 θ in the
GR case, and r2ǫRrr = −6 z−2, Rθθ = 1, Rϕϕ = sin2 θ
in the Born-Infeld case, both having an 1/z2 dependence
in this region. With additional calculations, one finds
that in the Born-Infeld case the Kretschmann and Ricci
scalars have a universal power-law behavior (independent
of the parameters that characterize the solution) given by
r4ǫR
α
βµνRα
βµν ≈ 4
z4
− 2C
2
0
σ2z2
+
27C40
4σ4
(55)
r2ǫR ≈
2
z2
− 3C
2
0
2σ2
,
whereas in the GR case the power-law is very dependent
on the details of the far solution
r4ǫ (R
α
βµνRα
βµν)GR ≈
(γ
z
)− 2αm+
(56)
×4m
2
+(3m
2
+ − 2m+α+ 2α2)
z8
r2ǫRGR ≈ −
(γ
z
)− αm+ (α2 + κ2)
z4
(57)
(recall that α < 0 and m+ > 0). This puts forward that
the Born-Infeld gravity dynamics has been able to soften
and universalize the amplitude of curvature scalars in
the interior region. Later we will study the implications
of these results for the regularity of the corresponding
spacetimes.
V. NUMERICAL ANALYSIS
We will next find numerical solutions for the set of
equations (27)-(29) subject to the asymptotically flat ini-
tial conditions given in Sec.IVA. Taking advantage of the
fact that in the two asymptotic regions (far and interior)
an analytical expression for the solutions is known, we
will also obtain functional fittings for ν˜ and W˜ . The un-
known coefficients of the analytical approximations will
thus be obtained by comparison with the functions fit-
ting the numerical solutions. This way we obtain (“Fit”
stands for fitting solutions)
ν˜Fit = Cν + (α−Aν tanh(aνyc + f)) y − Aν
aν
log[cosh(aν(y − yc) + f)] (58)
(W˜ )Fit = 8βe
1
8β y +
1
4
P1e
∆1(y−yc)+∆2+∆
{
12
∆1
− 1
2β
tanh
(
∆1
2β
yc
)
+ (59)
1
1 + e
∆1
β yc
[
e
∆1
β y
(1 + β)
2F1
(
1, β + 1 ; (β + 1) + 1 ;−e∆1β (y−yc)
)
− 1
β
2F1
(
1, β ;β + 1 ;−e∆1β (y−yc)
)]}
where ∆1 = log[W˜ (y∞)/W˜ (yc)]/(y∞ − yc), ∆2 =
log[W˜ (yc)], ∆ = log[W˜ (y∞)/W˜ ′(y∞)] and β = 1/(8α);
3 Recall that κ2
0
actually represents the dimensionless quantity
κ2v2
0
r2ǫ , where κ
2v2
0
is an inverse squared length scale associ-
ated to the amplitude of the scalar field, φ = v0x. Given that
rǫ =
√
lǫrC is the natural scale of the problem, we can assume
l2φ = 1/κ
2v20 to be bigger than r
2
ǫ or, at least, of the same order
of magnitude, which implies κ2v2
0
r2ǫ ≤ 1.
y∞ is the largest value assigned for the radial coordi-
nate y and the yc values correspond to the center of the
energy density distribution (determined numerically) for
each value of α (see Sec. VI). For the sake of illustration,
in Table I we show the values of the fitting parameters for
some representative values of α, obtained on the support
8[y0, y∞] = [.001, 30]4
α -50 -10 -1 -0.8
yc 0.5943 2.2867 6.5159 6.4491
Cν 0.0060 0.1107 1.0619 1.0542
Aν 0.0100 0.0483 0.1684 0.1691
aν 20.7348 4.2920 1.2488 1.2437
f -0.4663 -0.4082 -0.2776 -0.2744
P1 0.2547 0.2497 0.2666 0.2718
Table I. Some examples of the fitting parameters in Eqs.(60)
and (59) resulting from the numerical computations for four
representative values of α .
The results of the numerical integration and the fitting
functions ν˜Fit(y) and W˜Fit(y) are plotted in Figs. 1 and
2, respectively, where the deviations with respect to the
GR behavior for θ → ∞ (y → ∞) are manifest. In such
region both ν˜(y) and log W˜ (y) present a linear behavior,
which can be explicitly fitted to
ν˜(y)|y→∞ = l1 + l2 y (60)
log W˜ (y)|y→∞ = l3 + l4 y (61)
W˜ |y→∞ ≈ D2 e 12 (l2+lκ)y , (62)
where l4 =
1
2 (l2+ lκ) with lκ =
√
4κ20 + l
2
2. The values of
the unknown coefficients l1, l2, l3 in the equations above
are numerically fitted for some representative values of α,
and displayed in Table II, where we also include the value
of D2 = exp(l3), which is directly connected to Eqs.(48)
and (49).
α -50 -10 -1 -0.8
l1 0.0121 0.2269 2.2305 2.2170
l2 -50.0200 -10.0967 -1.3368 -1.1382
l3 -3.9185 -2.4259 -1.6647 -1.5941
D2 0.0199 0.0884 0.1893 0.2031
Table II. Some examples of the values fitted numerically corre-
sponding to the coefficients l1, l2, l3, D2 in Eqs.(60), (61) and
(62), for several values of α.
In terms of the above fitting solutions one can compute
the metric components of (20) and (21) and then analyze
the scalar field configuration in the full range.
A. Spherical sector
From the exact GR solution presented in Eq.(43) one
finds that the radial function z2 = 1/W 2(y) approaches
4 All numerical values and plots are based on calculations taking
κ = 1 and in all tables we show just four digits precision for
simplicity.
Figure 1. The function ν˜(y) for the numerical integration
(solid orange curve), and the analytical fitting of Eq.(60)
(dashed black) for integration constant α = −10 and Born-
Infeld length lǫ = 10
−3. The dotted blue curve represents the
GR behavior (lǫ → 0), to which the curves converge as y → 0.
Figure 2. The function W˜ (y) with the same notation and
parameters as in Fig. 1. The analytical fitting corresponds to
Eq.(59).
z → 0 exponentially fast in the limit y → ∞, i.e., z2 ≈
4C20e
−βγ2e−2m+y, where m+ = 12 (α +
√
α2 + 2κ2) > 0.
In the Born-Infeld gravity case under study, we also find
an exponential behavior, z2 ≈ D−2/32 e−l1/3e−
1
3 (2l2+lk)y,
though the sign of the constants in the exponential can-
not be guessed a priori. However, from the numerical
analysis (see Table II above), we see that the value of l2
is very close to the value of the constant α, where for
each studied case we have that l2 < 0. In fact, l2 can be
put in linear relation with α, as shown in Fig. 3 below.
Now, recalling that lk =
√
4κ20 + l
2
2, it is easy to see
that for l2 > −2κ0/
√
3 the combination 2l2 + lk in the
exponential is positive, thus implying that z2 goes to
zero as y → ∞, like in the GR case. However, for any
l2 < −2κ0/
√
3, the exponential changes sign and grows
unboundedly as y → ∞. The behavior of the solutions
can thus be classified in two types depending on whether
they represent massive objects, i.e., |l2| ∼ |α| being large
as compared to 2κ0/
√
3; or light objects, |l2| small as
compared to 2κ0/
√
3. Furthermore, for massive objects
the radial function z(y) reaches a minimum and bounces
9Figure 3. Linear fitting of l2 for the lightest values of α stud-
ied.
off, which can be naturally interpreted as a signal of the
presence of a wormhole5, namely, a topologically non-
trivial configuration connecting two regions [52], with
that minimum representing its throat. For lighter config-
urations such a minimum (and thus the wormhole struc-
ture) disappears and the radial function extends all the
way down to r = 0.
Figure 4. Radial function z = 1/(Ω+W˜ (y)) (where y =
φ−1(x)) for different values of the parameter α, where the
minimum attained by the radial function z(y) is observed,
corresponding to the throat of the wormhole solutions. The
inset tracks the disappearance of this minimum, leading to the
transition between wormhole/non-wormhole configurations.
More explicitly, Fig. 4 shows, in parameterized form,
the evolution of the radial function z(y) = 1/(Ω+W˜ (y))
for different values of α. The existence of a minimum
5 Let us stress that, as stated in the introduction, similar worm-
holes configurations are also found in the context of Born-Infeld
gravity when electromagnetic fields are considered [33].
Figure 5. Linear relation between the location of the worm-
hole throat and the parameter |α| = 2M/rǫ in the case ǫ < 0.
radius is evident for |α| & 0.8. A numerical analysis puts
forward a linear relation between the wormhole throat
radius (zth = zmin) and the value of α (see Fig. 5).
With an appropriate constant rescaling of units in the
line element, this linear relation can be brought into the
more suggestive expression rth ≈ |α|rǫ = 2M , which is
valid for all |α| & 0.8. The coincidence of this value with
the location of the event horizon in Schwarzschild black
holes of mass M is certainly remarkable and could not
have been anticipated before the numerical analysis.
For lighter configurations, we can use an approxi-
mated linear form for l2 as a function of α, in order to
determine the critical value, αc, for which the change
of wormhole/non-wormhole regime occurs. Thus, for
|α| ≤ 1, the fitting of the numerical results, see Fig. 3,
gives l2 = −0.330976 + 1.00735α, which leads to the
critical value αc ≈ −0.82. A rough estimate of the cor-
responding critical Schwarzschild mass gives the result
Mc = − 12rǫαc ≈ 0.41rǫ ≈ 0.013.
B. Scalar sector
It is time now to study the behavior of the scalar
field. Let us recall that we have identified the radial
coordinate with the scalar field, x ↔ φ(x). Therefore,
from the change of variables (23), suitably expressed as
dx = Jxy dy = |1 − Xǫ| dy = (1 − Xǫ) dy, we can write
φ(y) =
∫
(1 − Xǫ)dy. This way, an analytical function
fitting the numerical solution for Jxy can be found as
(Jxy)Fit = 1 +
1
2 (1 + tanh[αmJ (y − yc)]) . (63)
In Fig. 6 we observe that (Jxy)Fit fits well the numerically
integrated function Jxy with the parameters depicted in
Table III. This allows us to integrate the approximating
function (Jxy)Fit so as to obtain the approximated field
profile φA(y) as
10
φA(y) = φ0+
3
2y+
1
αmJ
log[cosh(12αmJ (y−yc))] , (64)
shown in Fig. 7, along with its inverse y(x) = φ−1A (x).
α -50 -10 -1 -0.8
mJ -0.9593 -0.9844 -2.6970 -3.3552
Table III. Fitting values of the parameter mJ in the approxi-
mation (64) for different values of α.
Figure 6. The function Jxy (solid) and its approximation
(Jxy)Fit (dashed) in Eq.(63), for the case α = −10.
Figure 7. Scalar field φA(y) from integration of the approx-
imated function (Jxy)Fit in Eq.(64) (solid) and its inverse
(dashed), for the case α = −10 and with the integration con-
stant φ0 set to 0 for simplicity.
We will see in the next section that, despite its innocent
appearance, the presence of the scalar field gives rise to
a remarkable rich and interesting structure.
VI. SOLITONIC BEHAVIOR
When Eq.(17) was presented, it was mentioned that
the free scalar field is completely determined by the ge-
ometry. However, the geometry is also specified by the
scalar field and, therefore, the final solution is the result
of a nonlinear interaction of the scalar field with itself
through the metric it generates. As a consequence, in
the discussion of the energy associated to this type of so-
lutions one should take into account not only the energy
of the scalar field but also the energy stored in the gravi-
tational field generated by the scalar field. In this sense,
the scalar field energy density can be read from the T00
component of its stress-energy tensor in Eq.(12), which
gives T00 = − 12gxxφ2xg00 = − 12gxxg00, in the representa-
tion φx = 1. Then, using the relations
Xǫ =
ǫκ2
2
C2W 4e−ν ;
√−g = C sin θgxx
⇒ gxx = 1
C2W 4e−ν
=
ǫκ2
2Xǫ
, (65)
the energy density of the scalar field becomes
T00 =
−eν˜
ǫκ2
(
1−√Ω+Ω−)
Ω+
=
−eν˜
ǫκ2
(1− |λ+Xǫ|)
(λ2 −X2ǫ )1/2
. (66)
Using the numerical solution obtained in Eq.(64), it turns
out that the scalar field energy density per unit time (66)
is divergent as it approaches the center (corresponding to
y →∞ and Xǫ ≈ −λ+ 12 |θ|−2/3).
An alternative measure of the total energy density,
which has been used previously in the context of Born-
Infeld gravity coupled to electromagnetic fields with in-
teresting results [46], is the spatial part of the integrand
of the action functional calculated on the solutions. This
quantity can be seen as associated to the energy of the
scalar field plus a gravitational binding energy. In the
case of a scalar field coupled to GR, this quantity is pro-
portional to the scalar field potential and, therefore, van-
ishes for free fields. In the Born-Infeld theory, however,
the total action of the theory evaluated on the solutions
takes the form
SBI+φ =
1
κ2ǫ
∫
d4x
[√−q − λ√−g]− 1
2
∫
d4x
√−gX ,
(67)
(recall that X ≡ gµν∂µφ∂νφ) and can be rewritten in
terms of the deformation matrix Ωµν and the relation
(65) as
SBI+φ =
1
κ2ǫ
∫
d4x
√−g
[
(|Ω|1/2 − λ)−Xǫ
]
=
∫
d4x
C sin θ
2Xǫ
[
|Ω|1/2 − (λ+Xǫ)
]
(68)
= 2πC
∫
dt
∫
dy
|λ2 −X2ǫ |
Xǫ
[
(λ2 −X2ǫ )1/2 − 1
]
,
where we have used the coordinate change (23). As we
are considering free fields, the energy density defined by
the Lagrangian density becomes
11
εBI+φ(y) ∝ |Xǫ|−1|λ2 −X2ǫ |
[
(λ2 −X2ǫ )1/2 − 1
]
, (69)
whose behavior can be studied using the analytical and
numerical results of previous sections.
In this sense, as depicted in Fig. 8, for any value of the
integration constant α in Eq.(60) the total energy density
presents a characteristic profile made up of a lump of en-
ergy localized in a finite region of space, while it vanishes
both in the asymptotic limit, θ → 0, and in the central
region, θ → ∞. As already discussed in the introduc-
tion, the localization of the energy density (scalar plus
gravitational in this case) in a finite region of space is
a characteristic feature of solitonic configurations. Note
that the variation of the integration constant αmakes the
localization of the lump of energy density to be shifted
and its width to be changed, though both the localized
nature and the amplitude of the lump remain unchanged.
Comparing the calculations made with lǫ = 10
−3 and
lǫ = 10
−1 in Figs. 8 and 9, respectively, we see that the
effect of increasing the relative strength of the gravita-
tional Born-Infeld corrections, encoded in lǫ, is to shift
the location of the maximum of the energy density far-
ther from the center of the solution (located at y → ∞)
and to increase its width, while its height remains un-
changed. None of these solitonic features is found for the
GR counterpart (corresponding to lǫ → 0).
To get further into this interpretation we can take a
glance at the behavior of the curvature scalars. As de-
picted in Figs. 10, 11, 12 and 13, there is indeed a cor-
relation between the lump of energy and such scalars,
as the latter take their maximum value approximately
at the center of the lump. This result strongly deviates
from the GR case, where nothing in the curvature scalars
tells us about the existence of scalar solitonic structures.
A glance at Fig. 14 shows that the peak of the lump is
localized at the wormhole throat. It must be noted that
also in the cases without wormhole the lump localizes on
a thick shell away from the center.
VII. CASE WITH ǫ > 0
In sections V and VI above, we have solved the field
equations (27), (28) and (29) under the assumption ǫ =
−2l2ǫ < 0 and discussed the physical properties of the
solutions. For completeness, in this section we shall study
the branch ǫ > 0 and compare the results of both cases.
Let us first consider the two regions of interest. In this
sense, in the asymptotic limit, |θ| → 0, we find that these
equations boil down to
Figure 8. The total energy density for the combined system
gravity + matter, εBI+φ(y), in Eq.(69), with Born-Infeld pa-
rameter lǫ = 10
−3 and setting λ = 1, for several values of the
integration constant α.
Figure 9. Same notation as in Fig. 8, now with lǫ = 10
−1. As
compared to the previous plot, now the solutions are localized
farther from the center (y →∞).
Figure 10. Normalized Ricci scalar of the spacetime metric
gµν in both Born-Infeld gravity (solid black) and GR (dotted
blue) cases. The (total) energy density distribution of the
gravitational and scalar field sectors (dashed red) defines the
region where the curvature evolves from a negative constant
value in the internal region (y →∞) to zero in the asymptot-
ically flat region (y → 0).
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Figure 11. Parametric plot of the normalized Ricci scalar of
the physical metric gµν against the radial function z compar-
ing Born-Infeld gravity (solid black) and GR (dotted blue)
cases. The energy density distribution (dashed red) defines
the region of curvature change from zero (flat) at the mini-
mum of the radial function, to a negative constant value in the
internal region. The minimum of the radial function occurs
at z ∼ 300 for α = −10, as can be seen from Fig. 4.
Figure 12. Curvature scalars for the Born-Infeld gravity
model: Ricci scalar (solid), squared Ricci tensor (dashed) and
squared Riemann tensor (dotted) showing the change in the
curvature scalars in the region of energy density localization.
Xǫ ≃ |θ| ≈ 0 , (70)
ν˜yy ≃ κ
2
0
2
|θ| ≈ 0 , (71)
W˜yy − ν˜yW˜y ≃ κ
2
0
2
(1− |θ|)W˜ ≈ κ
2
0
2
W˜ , (72)
W˜W˜yy − W˜ 2y +
eν˜
C20
≃ κ
2
0
4
|θ| W˜ 2 ≈ 0 . (73)
which recover the GR behavior there, like in the ǫ < 0
case, see Eqs.(35), (36) and (37). In the central region,
|θ| → ∞, we find instead
Figure 13. Parametric plot of the normalized curvature
scalars for the Born-Infeld gravity model: Ricci scalar (solid),
squared Ricci tensor (dashed) and squared Riemann tensor
(dotted). The energy density (dashed red) localization region
signals the curvature change from zero (flat) at the minimum
of the radial function, to constant values in the internal re-
gion.
Figure 14. Linear relation between the location of the worm-
hole throat and the location of the peak of the total energy
density for ǫ < 0. Within the numerical accuracy, they are
coincident.
Xǫ ≃ (1− 12 |θ|−2/3) ≈ 1 , (74)
ν˜yy ≃ κ20 |θ|−2/3 ≈ 0 , (75)
W˜yy − ν˜yW˜y ≃ κ
2
0
4
W˜ |θ|−2/3 ≈ 0 , (76)
W˜W˜yy − W˜ 2y +
eν˜
C20
≃ −1
2
κ20|θ|−2/3W˜ 2 ≈ 0 . (77)
It is immediately seen that the equation (76) for W˜ gets
simplified as compared to the case ǫ < 0, see Eq.(28),
which in turn modifies the inner behavior of the solutions.
Indeed, now it is possible to analytically integrate the
equations at the center of the solutions as
13
ν˜Center(y) = L1 + L2 y , (78)
W˜Center(y) =
eL1
L2D1C20
eL2 y − D1
L2
, (79)
where L1 and L2 are integration constants to be deter-
mined by means of the numerical computation, and we
have defined D1 = W˜
′(y) − L2 W˜ (y). Using the asymp-
totic limits above we have implemented a similar numer-
ical strategy as in the ǫ < 0 case. As the most relevant
results, we find again evidence of existence of wormhole
structures, again for α . −0.8, see Fig. 15, for which the
radial function z(y) bounces off to z →∞ after reaching
a minimum (the throat). As in the case with ǫ < 0, for
ǫ > 0 the location of the throat is also determined by the
mass of the object (see Fig. 16). Such structures disap-
pear for objects with lighter masses (α closer to zero),
which is a similar result as in the ǫ < 0 case.
Attending to the relation z2(y) ≈
(
W˜ 2eν˜
)− 13
that arises in the |θ| → ∞ limit, the existence of
wormhole/non-wormhole structures is justified by a
change of sign in the parameter L2 around α ≃ −0.8.
In fact, for α < −0.8 we observe L2 < 0 as y → ∞,
which leads to a minimal 2-sphere or radius z˜min =
limy→∞ 1/W˜ = −L2/D1 for the auxiliary metric. Con-
sequently, z2(y) ∝ e−L2y/3 grows with increasing y, cor-
responding to a wormhole. On the other hand, when
L2 > 0 one finds that z˜ ∝ e−L2y goes to zero as y grows.
In this case, L2 > 0 implies that z
2(y) ∝ e−L2y → 0 as
y →∞.
In the present case, computation of the total energy
density made up of the gravitational and scalar field con-
tributions, Eq.(68), for wormhole and non-wormhole con-
figurations, yields again a localized profile at a finite dis-
tance, but now it represents a well instead of a lump,
as such an energy density is negative [see Fig. 17 and
the definition of total energy density in Eq.(68)]. Unlike
in that case, the location of the peak is not related to
extrema of the curvature scalars, see Fig. 18, though it
coincides with the wormhole throat when it exists.
Curvature scalars can be indeed computed using the
generic form (50) obtained for the line element when
|θ| → ∞ but taking into account that for ǫ > 0 we have
lim|θ|→∞ dx2 ≈ dy2/(4|θ|4/3). As a result, the line ele-
ment takes the form
ds2
r2ǫ
= − 1
z4
dt2 +
σ2L22
4C20D
2
1
dz2
z10
+ z2dΩ2 , (80)
with curvature scalars given by
r4ǫR
α
βµνRα
βµν ≈ 4
z4
−
(
4C20D
2
1
σ2L22
)
8z6 (81)
+
(
4C20D
2
1
σ2L22
)2
300z16
r2ǫR ≈
2
z2
−
(
4C20D
2
1
σ2L22
)
6z8 , (82)
Figure 15. Radial function z = 1/(rǫΩ+W˜ (y)), and the total
energy density |εBI+φ|, as a function of the coordinate y for
different values of the parameter α. The limits |θ| → 0 and
|θ| → ∞ determine the asymptotic (GR-like) and central re-
gions, respectively. For α . −0.8 a minimum in the radial
function is found, which signals the presence of a wormhole
structure.
Figure 16. Linear relation between the location of the worm-
hole throat and the parameter α = −2M/rǫ in the case ǫ > 0.
which are divergent both in the z → 0 and z →∞ limits.
VIII. GEODESICS
Given that in the cases studied above the geometry far
from where the scalar field is localized is asymptotically
flat and recovers that of GR, the discussion of geodesics
is only relevant in the interior region (y → ∞). For this
reason, in this section we consider the analytical approx-
imations obtained so far to discuss their properties in
both GR and the Born-Infeld gravity cases. This will also
allow us to discuss the regularity of these spacetimes at-
tending to the criterion of geodesic completeness, namely,
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Figure 17. The total energy density for the combined sys-
tem gravity + matter, εBI+φ(y) in Eq.(69), with Born-Infeld
parameter lǫ = 10
−3, for several values of the parameter α.
When a wormhole exists, the minimum of the curve coincides
with the location of the throat.
Figure 18. Behavior of the curvature scalars for ǫ > 0, com-
pared to the total energy density.
whether any geodesic curve can be extended to arbitrar-
ily large values of their affine parameter, and which plays
a fundamental role in the singularity theorems [53, 54].
This captures the intuitive notion that in a physically
consistent spacetime neither information nor physical ob-
servers (idealized as null and time-like geodesics, respec-
tively) should be allowed to suddenly disappear or emerge
from nowhere.
We point out that, in application of Einstein’s equiv-
alence principle, which dictates that test particles follow
geodesics of the spacetime metric gµν , in the action (67)
describing our theory the matter does not couple directly
to the connection (this is obvious for scalar fields). For
this reason, we will focus on the geodesics of the met-
ric gµν . In general, should an explicit dependence on
the connection in the matter sector be allowed, then one
would be led to consider the geodesics associated to the
independent connection as physically meaningful (see [55]
for an extended discussion on geodesics in metric-affine
spaces).
The above discussion implies that a geodesic curve
γµ = xµ(u), where u is the affine parameter, extremizes
the functional [56, 57]
S = 1
2
∫
du
√
gµν
dxµ
du
dxν
du
. (83)
This means that xµ(u) must satisfy the equation
d2xµ
du2
+ Γµαβ(g)
dxα
du
dxβ
du
= 0 , (84)
where Γµαβ(g) are the Christoffel symbols associated to
the spacetime metric gµν . In the case of a spheri-
cally symmetric metric of the form ds2 = −C(x)dt2 +
D(x)−1dx2 + r2(x)dΩ2 the geodesic equation takes the
form [55]
C(x)
D(x)
(
dx
du
)2
= E2 − C(x)
(
L2
r2(x)
− k
)
, (85)
where the parameter k = 1, 0,−1 corresponds to space-
like, null and time-like geodesics, respectively. For time-
like geodesics, the conserved quantities E =
√
DCdt/du
and L = r2(x)dϕ/du (due to staticity and spherical sym-
metry) have the interpretation of the total energy per
unit mass and angular momentum per unit mass, respec-
tively, around an axis normal to a plane (which can be
chosen to be θ = π/2 without loss of generality). For null
geodesics this interpretation cannot be sustained, but the
quotient L/E can be identified instead as an apparent
impact parameter from asymptotic infinity [57].
Using the line elements (52) and (80), the above ex-
pression (85) yields
a2ǫ
z4+2nǫ
(
dz
du
)2
= E2 − 1
z4
(
L2
z2
− k
)
, (86)
where aǫ and nǫ are defined as
(aǫ, nǫ) =


(
1
12C0(2l2 + lκ), 1
)
if ǫ < 0
(C0D1, 5) if ǫ > 0 , L2 > 0(
1
3C0D1, 5
)
if ǫ > 0 , L2 < 0
(87)
To proceed with the discussion of geodesics, we must now
distinguish between wormhole and non-wormhole config-
urations.
A. Non-wormhole case
In the non-wormhole case, in which z → 0 as y →∞, it
is easy to see that for geodesics with angular momentum
L 6= 0 (and any value of k), the right-hand side of (86)
must necessarily vanish at some finite and small radius
as z approaches zero. This means that such geodesics
attain a minimum and then bounce to increasing values
of the radial coordinate. This way they, evidently, never
reach the center.
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When L = 0, time-like geodesics also bounce. On the
other hand, for radial null geodesics (L = 0 = k), Eq.(86)
can be easily integrated leading to
aǫ
1 + nǫ
(
1
z1+nǫ0
− 1
z1+nǫ
)
= ±E(u− u0) , (88)
where u0 is an integration constant, and the ± sign rep-
resents outgoing/ingoing geodesics, respectively. It is
easy to see that ingoing geodesics take an infinite affine
time to reach the origin. Similarly, the initial condi-
tion at the center for outgoing geodesics must be set at
u→ −∞. This result puts forward that these spacetimes
are geodesically complete, with the center located be-
yond the reach of geodesic observers and light rays. The
curvature divergences that arise at z → 0 [see Eqs.(55)
and (82)] are thus inaccessible. This situation is reminis-
cent of that found in some recently studied Palatini f(R)
theories sourced by anisotropic fluids [58] or electromag-
netic fields [59], with the interesting result that the GR
point-like singularity is generically replaced by a finite-
size wormhole structure. Though curvature divergences
appear at the wormhole throat, this structure lies on the
future (or past) boundary of the spacetime and cannot
be reached in finite affine time. Note also that for spatial
geodesics (with L = 0), the geodesic equation leads to
u ∝ ln z when ǫ < 0 and to u ∝ 1/z4 for ǫ > 0 . This
implies that z → 0 is at an infinite affine distance and
confirms that also spatial geodesics are complete.
In order to facilitate the comparison with GR, we note
that in the limit y →∞ the geodesic equation takes the
form
(
γ
m+
(γ
z
) α
m+
−1)2(dz
du
)2
= E2−
(γ
z
) α
m+
(
L2
z2
− k
)
.
(89)
Given that to get the correct weak field limit we need
α = −2M/rǫ < 0 and that m+ > 0, we see that the
factor
(
γ
z
) α
m+ on the right-hand side goes to zero as
z → 0. Moreover, for sufficiently massive objects one
has |α|/m+ ≈ γ/m+ ≫ 1, which implies that time-like
and L 6= 0 geodesics behave like radial null geodesics near
the origin. For radial null geodesics in the approximation
above6, equation (89) can be integrated to get
γ
− 2γm+
(
z
2γ
m+ − z
2γ
m+
0
)
= ±2E(u− u0) . (90)
It is clear from this expression that nothing prevents
these GR geodesics from reaching the curvature diver-
gence at the origin in a finite affine time. The contrast
with the Born-Infeld gravity case is thus remarkable.
6 For radial null geodesics in GR, an exact analytical expression
with the form y = y(λ) is possible.
B. Wormhole case
In the wormhole case, the function z(y) diverges as
y → ∞. This means that, regardless of the values of k
and L, Eq.(86) tends to the case of radial null geodesics
of Eq.(88) but with z → ∞ instead of z → 0. The dif-
ference is significant, as now all geodesics can reach the
asymptotic infinity in a finite amount of (affine) time.
The wormhole, therefore, gives rise to a completely dif-
ferent scenario. It is worth noting that the property of
reaching the boundary z → ∞ in a finite affine time is
independent of the behavior of curvature invariants. In
fact, for ǫ < 0 this region has finite invariants, whereas
for ǫ > 0 they are divergent. The lack of correlation be-
tween curvature scalars and geodesic structure seems to
be quite generic in theories beyond GR [58].
C. Numerical analysis and effective potentials
In the previous subsections we have studied the asymp-
totic behavior of geodesics in the internal region accord-
ing to approximate analytical expressions obtained be-
fore. The matching of these asymptotic curves with their
GR limit in the external region can be obtained numer-
ically. In Fig. 19, for instance, the trajectory of a ra-
dial null geodesic that goes from the GR region through
the wormhole is shown. Non-radial null geodesics in
wormhole configurations may go through the wormhole
or bounce, depending on their initial energy. In order to
quickly visualize the many situations one may encounter,
it is useful to plot the effective potentials associated to
various configurations. The effective potential we are re-
ferring to appears on the right-hand side of (85) and can
be written as
Veff = e
ν˜
(
L2W˜ 2 − k
Ω+
)
. (91)
For null geodesics (k = 0) the above potential simply
reads
V radeff =
{
0 L = 0 (radial)
L2eν˜W˜ 2 L 6= 0 , (92)
which presents similar profiles for all non-radial cases.
Moreover, it can be verified that these profiles are qual-
itatively similar in the ǫ > 0 and ǫ < 0 branches. To
illustrate the general behavior, the case with L = 10 is
shown in Fig. 20. There we observe again the transition
between the wormhole (|α| large) and non-wormhole (|α|
small) cases, such that in the former case those geodesics
with enough energy to overcome the maximum of the po-
tential barrier will be able to go through the wormhole
throat and reach y → ∞ in finite affine time (this was
shown above analytically), while in the non-wormhole
case any geodesic will bounce at some finite distance from
the center due to the growing barrier as y →∞, thus cor-
responding to geodesically complete solutions.
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Figure 19. Affine parameter for radial null geodesics (ǫ < 0,
lǫ = 10
−3 ;α = −1), superimposed to the total energy density
distribution (dashed red). The location of the energy density
peak determines also the position of the throat of the Born-
Infeld gravity wormhole structure (solid black), absent in the
GR case (dotted blue). The bounce in the trajectory actually
represents the crossing of the wormhole throat.
Figure 20. Effective potential for non-radial null geodesics,
with L = 10, in the ǫ < 0 case. Qualitatively, this shape is
the same for the cases ǫ > 0 and ǫ < 0.
For time-like geodesics (k = −1) the shape of the po-
tential (91) is depicted in Fig. 21 for different values of
the angular momentum L. The difference between worm-
hole and non-wormhole configurations is evident from
the plots, with the latter exhibiting a growing trend as
y → ∞. For L 6= 0, the non-wormhole potentials may
lead to minima in which particles could remain stable
against radial perturbations. For the wormhole configu-
rations, if the particle has enough energy to surpass the
potential barrier near the throat, the interior region of-
fers no resistance at all to its propagation, as Veff → 0
Figure 21. Effective potential for time-like geodesics (k =
−1) with different values of L for ǫ > 0. Like in the case of
null geodesics, these plots are qualitatively similar to those
obtained for ǫ < 0. In the radial case (left upper panel) we
also show the GR behavior (dotted blue lines) for comparison.
rapidly as y grows. If the particle has not enough en-
ergy, then it will bounce before reaching the wormhole
and remain in the GR external region.
IX. CONCLUSIONS AND DISCUSSION
In this work we have investigated the existence of scalar
geonic configurations, namely, self-gravitating solutions
supported by a massless, free scalar field. For this pur-
pose we have considered a well motivated extension of
GR, dubbed Born-Infeld gravity, characterized by a sin-
gle length-squared parameter, and which recovers the dy-
namics and solutions of GR in the low energy-density
limit.
After working out the field equations in suitable form
for its analysis, we have used a combination of analyti-
cal approximations and numerical computations to solve
them for the gravitational sector and the scalar field.
Two relevant features have emerged out of this analy-
sis. The first one is the existence of two different kinds
of structures depending on the value of the constant
α = −2M/rǫ (which measures the relative size between
the scale of the Born-Infeld gravity corrections, rǫ, and
the Schwarzschild radius associated to the particular so-
lution considered). In this sense, for α . −0.8, a worm-
hole structure with a finite minimum area (corresponding
to the throat) arises, whereas for α & −0.8 the topology
remains Euclidean and the solutions represent a kind of
spherical condensate. These results hold true in both the
ǫ < 0 and ǫ > 0 cases.
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Despite having curvature divergences at the center,
r → 0, the non-wormhole structure turns out to be
geodesically complete due to the fact that the center of
the solutions, r = 0, lies on the future (or past) boundary
of the spacetime, as it cannot be reached in finite affine
time by geodesic observers or radiation (this is similar
to recent results obtained in some Palatini f(R) theories
containing wormhole solutions [58, 59]). On the other
hand, in the wormhole cases the throat can be reached
and crossed by light rays and particles with energy above
the maximum of the effective potential barrier. Once
crossed, the internal asymptotic infinity is always reached
in a finite affine time, putting forward the geodesic in-
completeness of these configurations regardless of the be-
havior of curvature scalars as y →∞.
An interesting feature of the obtained solutions is re-
lated to the total energy density associated to the gravity
plus scalar sectors. A solitonic profile has been found rep-
resenting a lump/well of energy concentrated on a finite
region of space around the wormhole throat, while van-
ishing away from it, which is a typical property of soliton
configurations on a flat spacetime. Non-wormhole config-
urations also exhibit this shell-like distribution of energy,
whose maximum is not localized at the center of the so-
lutions. This feature was checked to exist for different
values of the Born-Infeld length parameter and different
values of the integration constants of the problem.
Remarkably, the location of the wormhole throat is
linearly related with the parameter |α|, having enough
freedom in the choice of parameters and units to make it
coincide with the corresponding Schwarzschild radius of
a black hole with the same mass, i.e., rth = 2M . This
intriguing property arises as a result of the analytical and
numerical analysis and by no means could have been an-
ticipated from the field equations before their numerical
integration or designed a priori in an attempt to replace
event horizons by wormhole throats.
Whether these objects could have any astrophysical
significance is a matter that will be explored in detail else-
where given the importance of discriminating between
black holes and other compact objects, as pointed out
recently in the context of gravitational wave emission by
Cardoso et al. [42, 60], using traversable wormholes (and
other horizonless compact candidates) disguised as black
holes. In the case of scalar geons considered here, the
lack of an event horizon together with the incomplete-
ness of geodesics in the wormhole configurations indi-
cates that they are some kind of naked singularity, but
with bounded total energy density (and curvature scalars
as well in the case of ǫ < 0). On the other hand, the fact
that they can be smoothly connected with geodesically
complete solutions (those with Euclidean topology) sug-
gests that the wormhole configurations could be unstable
or represent transients, and that they might dynamically
decay into lighter, more stable forms. The dynamical
process of going from Euclidean topology configurations
to non-Euclidean ones is likely to represent critical phe-
nomena [61] and is interesting on its own, as is the pro-
cess of quantum particle creation in those rapidly chang-
ing backgrounds [62, 63]. Research in these directions is
currently underway.
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APPENDIX
In this appendix we provide the main elements justi-
fying the suitability of the choice (20) and (21) for the
line elements of the auxiliary and spacetime geometries,
respectively. To start with one can introduce two line
elements, suitably adapted to the symmetries and the
two-metric structure of our problem, as
ds2 = −B(x)e2Φ(x)dt2 + 1
B(x)
dx2 + r2(x)dΩ2 , (93)
ds˜2 = −B˜(x)e2Φ˜(x)dt2 + 1
B˜(x)
dx2 + r˜2(x)dΩ2 , (94)
for the spacetime metric gµν and the auxiliary qµν met-
ric, respectively. In these line elements, B(x), Φ(x),
r(x), B˜(x), Φ˜(x) and r˜(x) are functions to be determined
through the resolution of the field equations, and which
are related to each other via the transformation (5) or,
explicitly, by
e2Φ˜ = Ω+Ω−e2Φ ; B = Ω−B˜ ; r˜2 = Ω+r2 . (95)
With these definitions the first integral of the scalar field
equations (17) reads
r2eΦBφx = C . (96)
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Next we follow Wyman’s approach, whose trick lies on
employing the scalar field as radial coordinate, i.e. or,
in other words, to make φx to be a constant, φx = v0.
Then one can write Eq.(96) using (95) as B˜ = C0e
−Φ˜
r˜2
Ω1/2
Ω
−
,
where C0 = C/v0. Inserting this expression into the line
element for qµν , Eq.(94), we obtain
ds˜2 = −
(
C0e
Φ˜
r˜2
Ω1/2
Ω
−
)
dt2 +
(
C0e
Φ˜
r˜2
Ω1/2
Ω
−
)
r˜4
C20
(
Ω
−
Ω1/2
dx
)2
+
+r˜2dΩ2 . (97)
The final step is just to use this form of the line ele-
ment to motivate the introduction of the ansa¨tze given
by Eqs.(20) and (21), which simplify many calculations.
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